
1

���������	��

�������
��
�����

������������������

����
	�	��� ��
��"!�#
�����$���������%����!�����

�
&('*),+.-0/,1*)�2�-0/�3

-
-0/�14'�576�8 9�2�&:8 )

-; '�'*<0=>+�?*8@?*)�ACB>'�DFEG3HIBJ6.KL)�ML1*N
1. IntroductionO*PRQLSUTWVYXZT\[R]YT\]0^W_`SaXLbc^\dWXG]YTWS�dWbeQZ_`TWSf^hgYbeiYjcQZkLQL[RlmXLiYiYkGXLi0dWi`nFg`kZT\nFT\[RX4XLPRToS�XZ^\XZQLdonpTWnpiYbeqp]`QZS�^Wnp_YQLlRrR^\XZQLiY[�^\[R^WkLq,SaT\Ss]Yi`[RTo[Ri`bcnp^WkLkZq
QL[
d\iYnpgYQLkZT\bcS�tsO*PRQLS*XLTWdWPY[RQZu`rRTvQZS>gYbe^Wd\XZQLdW^\kw^\[R]pSaPRi`xf[FXZip_YTvrRSaT\j�rRkyQL[hzR^\bcQLiYrYS*d\iYnpgYQZkLTWb{i`gYXLQZnpQZ|\^WXLQZi`[RS}t
Th
Tm^\_YSaXLbe^WdWX*QZShiYbelR^W[RQL|WT\]�^WSojciYkLkZi`xfS

.
O(PRQLSJSaT\dWXLQZi`[Ij�QLbcS�X~]YT\SadWbeQL_YT

s
XLPRT�npiYXLQZzY^WXLQZiY[Ii`j�XZPRQLSJXLiYiYk�t��4TWdWXLQLiY[I��XZPYTW[IlRiYT\SJQZ[YXZi�xvPR^WX

T\^Wd\P�d\iYnpgYiY[YTW[RX�iYj.XLPRT�XLiYi`k
]YiYT\S}tsO(PRT�TWVRg`TWbeQZnpTW[YXZ^\kpbeTWS�rRkLXZS�^WbeT�beTWg`iYbeXZT\]�QL[�S�TWdWXLQLiY[��{t���T�XZPRT\[�]`TWSad\bcQL_YT�Sai`nFT�dWrYbcbeTW[RX
^\gYg`kZQLdW^\XZQLiY[RS>iYjGXLPRQZS>XZi`iYkyQL[h��T\dWXLQZi`[h�Y�`^W[R]pdWi`[RdWkLrR]`TfQL[hS�TWdWXLQLiY[h�

.��T\nFi`bcq.]YQLSa^\nF_`QZlRrR^\XZQLiY[IQLSJiY[RT�i`j�XZPYT�nFi`SaX~QLnFg`iYbeXZ^\[RX~^\[R^WkLq,SaQLSJXZT\dWPR[YQZu`rRTWSJQL[I^W[IiYgYXLQLnFQL|W^\XZQLiY[IdWi`nFg`QZkLTWb�t
St̂
\XZQLd
^W[R^\kZq,S�TWS:iYjcXZT\[

jc^WQLk�XZi�lRQLzRTIlRi`iY]�nFT\nFi`bcq�]`QZS�^Wnp_YQLlRrR^\XZQLiY[$_YTWd\^WrRS�T�i`jfd\iYnpgYkLQZd\^WXLQZi`[RSpQZ[$��iYb:���4��gYbeiYlRbe^WnpSa�*Twt lGt�^Wbe_YQLXLbc^\bcq�XLq,gYT.dW^\SaXLQZ[Yl�^W[Y]
^\bcQLXLPRnFT\XZQLdW�wXLPRTf^\[RiY[Rq,npQLXZqoi`j�PYTW^WgpiY_���TWdWXLSa�`[RTWS�XZT\]F]`^WXL^fS�XZberRd\XZrRbeTWS��YS�rR_YS�dWbeQZg`XZT\]FSarY_YSad\bcQLgYXyi`bG^vdWi`nF_`QZ[Y^WXLQZi`[hiYjGdW^\SaT\S}t

Many
S�XZ^\XZT

-
of-̂
WbeXw^\[R^WkLq,SaQLS>nFT\XZPRi`]YS>PR^WzRTv_YT\TW[FgYbeiYgYi`SaT\]FXLiF^\XZXL^Wd\�hXLPRTWS�Tfg`bci`_YkLTWnpSa�`_YrRXyXLPRTWS�Tf^WbeTvdWiY[YSaTWbezR^\XZQLzRT

.� [YiYXLPRTWb~QL[RPRT\bcT\[RX�]Ybe^Wxv_Y^\dW�
iYj�S�XZ^\XZQLdJ^W[Y^WkLq,SaTWS�QLS�XLPR^WX�QLX�dW^\[R[RiYX�]`TWS�dWbeQZ_`TvXLPRT:npTWnFi`bcqF]YQLSa^\nF_`QZlRrY^WXLQZi`[FQL[FXLPRT:berR[RXLQZnpT:_YTWPY^WzRQLiYb�i`j
^:g`bci`lRbc^\nItW�4beiYjcQZkLQL[RlFQLS*^vgYbeiYnpQLSaQL[Rlh^\gYgYbeiY^\dWPFXZipgYbeiY]`rRdWTvQZ[Yj�iYbenp^WXLQZi`[hXLPR^WXydWkLiYS�TWkLqonF^\XZd\PRTWS>XLiF^

program’s’
d\iYnpnFi`[RkLqoiY_`SaTWbezRT\]

berR[RXLQLnFTv_YT\PR^WzRQLiYb�ts��QL�RTvgYbeiYjcQZkLQZ[YlhiY[FdWi`[RXZbeiYk
flow
�
w
Tv[RiYx�XL^W�RTv^vgYbeiYj�QLkLQZ[RlF^Wg`gYbeiY^Wd\PhXLiFnpTWnpiYbeqo]YQLSa^\nF_`QZlYrR^WXLQZi`[h^\S*xvTWkLk

.O*PRT �eXZ^\[RQZrYn¡j�^\nFQLkZq�iYj
processors

S
upp
iYbeXZS�]`^WXL^ SagYT\dWrRkL^WXLQLiY[�zRQL^ ^W[ � ]YzR^\[RdWTW]¢��i`^W] � ]Y]`bcT\SaSIO(^\_YkLT�jcTW^\XZrRbeTwt(O(PYQZSIj�T\^WXLrRbeT

g`bci`zRQL]YTWSJXLPRT�PR^\bc]`xf^\bcT�S�rRgYg`iYbeX~XZi�rYSaT�npTWnpiYbeq�]`QZS�^Wnp_YQLlRrR^WXLQLiY[IgYbeiYjcQZkLQZ[Yl.QL[IiYgYXLQLnFQL|W^\XZQLiY[RS�t`£�rRbeXZPRT\bcnpiYbeTW�{g`bci`j�QLkZQL[Rl.dW^W[.^WkLSaiI_`T
rYSaTW]pXLiFnpTW^\SarRbeTfXLPRTvTWj�jcTWd\XZQLzRTW[YTWSaS>iYjGSaXL^WXLQLdf^\[R^WkLq,SaQLS*^\[R]piYgYXLQLnFQL|W^\XZQLiY[

heuristics.�e[�XLPRToSa^\nFThzRTWQL[�^WSsXLPRTod\iYnpgYQLkZT\b(^W[Y^WkLq,SaTWS���iYrRb(nFT\nFi`bcqp]YQLSa^\nF_`QZlRrY^WXLQZi`[pg`bci`j�QLkZQL[Rl
tool has

XLxfi
components¤ ^\kZQL^WS�g`bci`j�QLkZQL[Rl
^W[Y]]`^WXL^I]YTWg`TW[R]`TW[Rd\TI¥c¦J¦J§JgYbeiYjcQZkLQL[Rl�t�¨J[RkLQZ�YT.XLPRTIdWi`nFg`QZkLTI^W[R^\kZq,S�TWS��(XLPRT�XLxvi$g`bci`j�QZkLQL[Rl�d\iYnpgYiY[YTW[RXLSF^\bcT.XLiYXL^WkLkZq�QL[R]`TWgYT\[R]YT\[RX�t�O(PYT

^\kZQL^WSfgYbeiYjcQZkLQZ[YlmQZSfQZ[RXLTW[Y]YTW]�XZi�gYbeiY]`rRdWTFXZ^\bclRT\X�S�TWXLSUjciYb>QZ[R]`QZbeTWd\X
references

��xfPYQZkLThXLPRTh¦J¦©g`bci`j�QLkZQL[RlmQLSUQL[RXLTW[R]`TW]mXLimgYbeiY]`rRdWThXZPRThSaTWX
i`j�]`TWg`TW[R]`TW[Rd\TfT\]YlRTWS>^WnpiY[YlhbeTWj�T\bcT\[RdWT\S}t��cXyQLS*u`rRQZXLTvQZ[RXLTWbeTWS�XZQL[RlFXZipdWi`nFg`^WbeTfXLPRTvXZxviFg`bci`j�QLkZQL[RlhnpTWXLPRi`]YS}t
� kLQZ^\S

pro
jcQZkLQZ[YlprYSaTWS�^JjcQZ[RQLXLTJ[R^WnpTJSaT\X�XZi�g`bcT\SaT\[RX�XLPRTJnFT\nFi`bcqpiY_���TWdWXLS�QL[p^Jg`bci`lRbc^\n

and
dWiYkLkLTWdWX4XZPRTJXL^WbelRT\XZSªQL[FXLTWbenFSªi`jGXLPRT:[R^\nFT\S

for
QZ[R]`QZbeTWd\X�beTWjcTWbeTW[RdWT\S}tp«JrRb�gYbeiYjcQZkLQZ[Yl¬SarRg`gYiYbeXLS¢]YQLj�j�T\bcT\[RX�[R^\nFQL[Rl­Sad\PRTWnpTWS�th��PRT\XZPYTWbCXLxfi¬beTWjcTWbeTW[Rd\TWS¢^\bcT©i`zRTWbekZ^\gYg`TW]¬QLS

]`TWXLTWbenFQL[RT\]F_`qodWi`nFgY^\b
ing
XZPRT\QZb{XL^WbelRTWXyS�TWX

s
^\j�XLTWb{gYbeiYjcQZkLQZ[Yl�t

¦J¦�gYbeiYjcQZkLQZ[YlFd\iYnpgY^WbeT
s
beTWj�T\bcT\[RdWT\Sª_YqhXLPRT\QZb�^\]Y]YbeTWS�S

es
�Y^\[R]pXZPRT\bcT\j�i`bcTvrRSarY^WkLkZqonp^Wqo_`TfnpiYbeTvgYbeTWdWQLSaTv]YrYTfXLiFXLPRTvSanp^WkLkZT\b{lRbc^\[RrRkL^WbeQZXLq

QL[hXLPRT
comparison.

¦J¦�gYbeiYj�QLkLQZ[RlFPRiYxvTWzYTWb{^Wg`gYTW^\bcS>XLiF_`TfnpiYbeTfT\VRgYT\[RSaQLzRTyt
The
dWi`[RSarRnpTWbeSªiYj{XZPYTvXLxvipg`bci`j�QLkZQL[RlpnFT\XZPYiY]YSªnp^WqF_YT:]YQLj�jcTWbeTW[RX�XLiYi{t � kLQZ^\S>g`bci`j�QLkZQL[RlpbcT\SarRkLXZSªd\^W[h_`TfT\^WS�QZkLqoj�T\]FXLipXZPRTvXL^WbelRTWXySaT\XyiYjG^

reference
]YrRbeQL[Rl
dWiYnpgYQLkZ^\XZQLiY[Y�w^\[R]�XLPRTW[
rRS�TW]�QL[p^J]`^WXL^:j�kLiYx¢^W[Y^WkLq,SaQLS>^\[R]
]Y^\XZ^:]YT\gYTW[Y]YTW[YdWT:^W[R^\kZq,S�QZS�t�O*PRT:bcT\SarRkLXLS>i`j{¦J¦�gYbeiYjcQZkLQL[Rl

^\bcT�nFi`bcT®S�rRQLXZ^\_YkLT®XZi�_`T®j�T\]�_Y^\dW�©XLi�]Y^\XZ^�]YTWg`TW[R]`TW[Rd\T®lRbe^Wg`P�tv��QL[RdWT®^\kZQL^WSCg`bci`j�QLkZQL[Rl©]`iYTWS¯[RiYX�XZ^\�RT¢kZi`iYg©S�XZberRdWXLrRbeT
s
QL[RXLi

d\iY[RS�QZ]`TWbe^WXLQZi`[R��¦J¦°g`bci`j�QLkZQL[Rl±QZS©^\_YkLT¬XZi²g`bci`zRQL]YT­nFi`bcT­g`bcT\dWQLSaT­nFT\nFi`bcq³]YQLSa^Wnp_YQLlRrR^\XZQLiY[´QL[Rj�i`bcnp^WXLQZi`[³jciYb¢kLiYi`g
-
i`bcQLTW[YXZT\]

i`gYXLQZnpQL|W^WXLQLiY[RS�t���ipxfTvgYbeiYzRQL]YTvXLPRTfXLxviFg`bci`j�QLkZQL[RlhnpTWXLPRi`]YS>j�iYb{rRS�TWbeS*XLipSaTWkLTWd\X
.

2. µ¡¶\·7¸�¹\º�»{¼�½�¾w·�¿s¼�ÀwÁF¾wÂ�¼@¸�Ã�Ä0¹y¸wÅ@¼eÆc¼�ÃsÀ
2.1 Overview«JrYbFnpTWnpiYbeq ]YQLSa^\nF_YQLlRrR^\XZQLiY[¯gYbeiYj�QLkLQZ[Rl¯XZi`iYkvQZS�QZ[RS�XZberRnpTW[RXL^WXLQLiY[C_`^WSaT\]Gt{O*PRT�XLiYiYkfQZS0QZ[R]`TWg`TW[R]`TW[RXfiYjoPR^\bc]`xf^\bcT�gYkL^WXLj�iYbenpS}tGO(PYT
beTWS�rRkLXwd\^W[F_YTvTW^WS�QZkLqoj�T\]F_`^Wd\�hXLiFd\iYnpgYQLkZT\bGjciYb{iYg`XZQLnpQZ|\^WXLQZi`[RS*i`[h]`QZjcj�TWbeTW[YXwkLTWzYTWk

s
i`j��eÇht�O(PYTfXLiYi`kwQLS>]YTWS�QZlY[RTW]pj�i`bGi`j�jckZQL[RTvrRSaTyt

O*PRTWbeTÈ^\bcT�XZPYbcT\TÈgYPR^\SaT\S
in
i`rRb¯g`bci`j�QLkZQL[Rl¬XLiYi`k ¤ QZ[RS�XZberRnpTW[RXL^WXLQLiY[¬gYPY^WSaT\��gYbeiYj�QLkLQZ[Rl¬g`PR^WS�T�^W[Y]Éj�T\TW]Y_`^Wd\�¬gYPR^\SaTwtp£4QZbeSaXL��XZPYTQL[RS�XZberRnpTW[RXL^WXLQZi`[IgYPR^WS�T�QZ[YSaTWbeXLSJj�rR[Rd\XZQLiY[Id\^WkLkZSJXLi�XZPYT�gYbeiYj�QLkLQZ[RlIkLQZ_`bc^\bcq

routines. Next
g`bci`j�QLkZQL[Rl.QZS:g`TWbej�iYbenpTW]Ij�i`b�^pXLq,gYQLdW^\k�bcrY[�i`j

XLPRTvgYbeiYlRbe^Wn�t�£4QZ[R^\kZkLq,�YXLPRTvgYbeiYj�QLkLQZ[RlFbcT\SarRkLXyQZS>j�T\]F_`^Wd\�hXLiFd\iYnpgYQLkZT\b
s
t

��T�_YrYQZkL]�iYrRb�QL[RSaXLbcrYnFT\[RXZ^\XZQLiY[�^W[R]�j�T\TW]`_Y^Wd\�¯d\iYnpgYiY[YTW[RXLS�QL[¯�e[RXLTWk�ÊËS.«JgYT\[¯Ç�TWS�TW^WbedWP���iYnpgYQLkZT\b
¥c«JÇ���§�t��e[¯i`bc]`TWb
XZi�gYbeiYzYQZ]`T
npTWnpiYbeq¯g`bci`j�QLkZQL[Rl�]YQLSa^Wnp_YQLlRrR^\XZQLiY[�j�i`b�iYg`XZQLnFQL|W^\XZQLiY[YS.QL[�]YQLj�j�T\bcT\[RXJSaXL^WlYTWSIQZ[�«JÇ����Ui`rRb
XZi`iYk:dW^\[¯QL[RSaXLbcrYnFT\[RX:^W[R]�j�T\TW]Y_`^Wd\�¯^WX
]`QZjcj�T\bcT\[RX�SaXL^WlRT\SªQZ[h«JÇ��¯¥ £�QLlRrRbeT

1
£�QLlRrRbeT

1)
t�O(ipSaQLnFg`k

ify
XZPRTvQLnFg`kZT\nFT\[RXZ^\XZQLiY[Y�Y^WkLkyXZPRTvQL[RSaXLbcrYnFT\[RXZ^\XZQLiY[FQZS>]Yi`[RTviY[hXLPRTv��PRQZbekyÌJiY]`T

jciYbenF^\X4i`j~�cÇ�QL[�«JÇ��ht
D
rRbcQL[Rl�jcTWTW]`_Y^\dW�R��XLPRTog`bci`j�QLkZQL[Rl�beTWSarYkZX

s
np^Wq
_YTog`bci`gY^\lR^WXLTW]mQL[RXLimiYXLPRTWb*�cÇ�jciYbenF^\X

s
��SarRd\Pp^\S�PR^WS�PRTW]��4� � QL[

��«J��O$i`bGi`gYT\bc^\XZQLiY[RS>QZ[F��Í0t
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� dWi`nFnpiY[
j�T\^WXLrRbeT:i`j�XZPYTJnFT\nFi`bcqp]YQLSa^\nF_`QZlRrY^WXLQZi`[pg`bci`j�QLkZQL[Rl
QLS�XZPR^\X�XLPRTJgYbeiYjcQZkLQZ[Rl
XLiYi`k�PR^WS�XLi�dWi`nFg`^WbeTJ^W]`]YbeTWSaS�zY^WkLrRTWSªiYb�kLiYi`�FrYg
QL[RjciYbenF^\XZQLiY[I^Wd\dWi`bc]YQL[RlIXLi.^\]Y]`bcT\SaS:zR^WkLrRT\Svi`jªbcT\j�TWbeTW[YdWTWS�tRO*i

speed up
SarYdWP.iYgYT\bc^\XZQLiY[RS���xvT
gYbeiYzRQL]YT
^
Sag`TWd\QZ^\k�PR^WS�P�XL^W_`kZT\��d\^WkLkZT\]

S�PR^W]`iYxv�ªxfPRQLdWP�QLS�^WSaS�iYd\QZ^\XZT\] xfQLXZP�XLPRT�gYbeiYlYbc^\n Sag`^WdWTyt�O(PRT�S�PR^W]`iYx¬QLSpQLnpgYkLTWnFT\[RXLTW]�QZ[�^ISaQLnFQLkL^WbJxv^Wq�^\S
gY^WlYQZ[Rl�QL[$«J�*t4O(PYT
S�PR^W]`iYx�QLS*QL[RXLTW[R]`TW]FXLipXZbe^W]`TfS�gY^Wd\TfjciYb{XLQZnpTwt
2.2 N$Æc¼�¾�½HOF¹y¸wÅ�¼eÆe¼@ÃsÀ
A
kLQZ^\S�gYbeiYjcQZkLQZ[YlplYTW[RTWbe^WXLT

s
XLPRTJXL^WbelRTWX4SaTWX4iYj�TW^\dWP
beTWj�T\bcT\[RdWTyt\O(PRT:XL^WbelRTWX�QLSªbcT\gYbeTWSaT\[RXZT\]
_YqhXLPRT:[R^\nFT\S>i`j{nFT\nFi`bcqFiY_���T\dWXLSa�wQZ[Rd\kZrY]YQL[Rl

kLiYd\^Wk>zR^WbeQL^W_YkLTWS��~lRkLiY_Y^\k*zY^WbeQZ^\_YkLTWShi`bfi`_���TWd\XZSFiY[�PYTW^Wg{tyO(PYT0_Y^\SaQLd0QL]YT\^miYjs^\kZQL^WSog`bci`j�QLkZQL[Rl�QLSoXLi�bcT\dWi`bc]�XLPRTm[Y^WnpTm^WS�SaiYd\QZ^\XZT\]�xvQZXLP
T\^Wd\P�^\]Y]`bcT\SaS�QL[�QLXLS
S�PR^W]`iYxÉT\[RXLbcq4t�£�i`boTW^\dWP�bcT\j�T\bcT\[RdWT\�>XLPRT�XL^WbelRTWX

s
QZX

accesses
dW^\[$XLPRTW[�_YTIT\^WSaQLkLq�j�i`rR[R]�iYrYX�_Yq�d\PRTWd\�RQL[Rl$QLXLS

S�PR^W]`iYx�TW[YXZbeqoPR^\SaPRTW]p_YqhQZXLS*^\]Y]`bcT\SaS>zR^WkLrRTv^WXybcrY[RXZQLnpTwt
�e[hXLPRTv^WkLQZ^\S*g`bci`j�QLkZQL[RlR�`xfTvQZ[YSaXLbcrRnpTW[YXwXLPRTvj�i`kZkLiYxvQZ[Yl

events:

• 
��bci`dWT\]YrRbeTfd\^WkLkZS�t�O(PYTfd\^WkLkZQL[Rlhd\iY[RXLTWVYXwQLS>nF^\QZ[RXL^WQL[RT\]Gt

• 
� kLkZi`dW^\XZQLiY[
iYj�lRkLiY_`^Wk�zY^WbeQZ^\_YkLTWSa�ykLiYd\^Wk�zR^\bcQL^W_`kZT\S�^W[R]�PYTW^Wg�npTWnpiYbeqpiY_���TWd\XZS�t�O*PRT:lRkLiY_Y^\k�zR^WbeQL^W_YkLTWSª^\bcT:^WkLkLiYdW^\XZT\]
iY[Rd\TvQL[p^
g`bci`_YkLTWn�t�O(PRTFkZi`dW^\k�zR^\bcQL^W_`kZT\Ss^WbeTo^\kZkLiYd\^WXLTW]mT\^WdWP�XLQLnFToXLPRTog`bci`dWT\]YrRbeToQZSUdW^WkLkLTW]Gt}O*PRTonpTWnpiYbeq
iY_���T\dWXLSs^WbeTo^WkLkLiYdW^\XZT\]mxvQZXLP
S�q,SaXLTWn�d\^WkLkZS�^\[R]�^WbeTJ^W[Ri`[Rq,npiYrRS�tWO*PRTJgYbeiYjcQZkLQL[Rl
XZi`iYk�^\SaSaQLlR[RS�XLPRT\n�[R^WnpTWS�^\dWdWi`bc]`QZ[YlpXLi
dW^\kZkLQZ[YlFd\iY[RXLTWVRX�^\X�XZPYTv^\kZkLiYd\^WXLQZi`[
g`iYQL[RX�t�O(PYQZS>SaQLnFrRkL^WXLTWS>XLPRTfd\iYnpgYQLkZT\b{[R^WnpQZ[YlhSad\PRTWnpTWS�t

• 
��T\nFi`bcq�bcT\j�T\bcT\[RdWT\S}tGO(PYT�kZi`^W]`Smj�beiYn	nFT\nFi`bcq�iYbFSaXLiYbeTWSmXLiCnpTWnpiYbeq$^\bcT�QL[RSaXLberRnFT\[RXLTW]Gt���bci`j�QLkZQL[Rl�xfQLkLkslRTW[YTWbe^WXLT�XZPRT\QZb
XL^WbelRT\XwS�TWX

s
^\dWdWi`bc]`QZ[YlhXLiFXLPRTv^W]Y]`bcT\SaS>zR^WkLrRT\S*jciYrR[R]

.

A
kLQZ^\SªgYbeiYj�QLkLQZ[RlpiYrYXZgYrYXZSªXLPRT:XZ^\bclRT\X�SaT\XZSªj�i`b�bcT\j�T\bcT\[RdWT\S>^\[R]
XZPYTvbeTW^\]&PLxfbeQLXZT:SaT\XZSªi`jGXLPRT:SaQL]YT:TWjcj�T\dWX�iYj{jcrR[RdWXLQLiY[pdW^WkLkLS}t � jcXZT\bGXLPRTvbcT\SarRkLXLS
^\bcT
jcTW]I_Y^\dW�R�GxfT
dW^\[�]`TWXLTWbenFQL[RT
XLPRTF^\kZQL^WSvbeTWkL^WXLQZi`[RSaPRQLg.iYj>^WnpiY[Rl�bcT\j�TWbeTW[YdWTWSviYbªj�rY[RdWXLQZi`[0d\^WkLkZSv_Yqmd\iYnpgY^\bcQL[Rl0XLPRT\QZbªXL^WbelRTWX{SaT\XZSviYb
XLPRTobeTW^\]&PLxfbeQLXZToS�TWXLS}t}��P

ile
XLPRTod\iYnpgYQLkZT\b(np^Wq
j�QL[R]m^hgY^WQLb(XLim_`TogYi`SaSaQL_YkLq
^WkLQZ^\SaT\]Y��XZPYTogYbeiYjcQZkLQZ[Yl�nF^\qpbeTWzYTW^Wk�XZPY^WX4QLX4QLSs[Ri`X4^\kZQL^WS�TW]�^WX

runtime
t � SªSarRd\PR�YXLPRTvgYbeiYj�QLkLQZ[RlFdW^\[hPRT\kZgpXZPYTfd\iYnpgYQLkZT\bGXLipSaTWkLTWd\XyXZPRTvdWi`bcbeTWd\XygYkL^WdWTvj�i`bG]`^WXL^fS�gYT\dWrRkL^WXLQZi`[�t�£4QZlRrYbcTv�FS�PRiYxvS>PRiYx�iYjcXZT\[

S�rRdWPFdW^\SaTWS>^Wg`gYT\^Wb{QZ[F^WkLkwXLPRTv^WkLQZ^\S*u`rRTWbeQLTWS>QZ[FdWiY]`TflYTW[RT\bc^\XZQLiY[FiYjG«JÇ��ht

2.3 Q�¾wÂ�¾RQ�¶;OF¶wÃU»s¶yÃTSy¶RUVQWQYX profiling¦J^\XZ^
]`TWgYT\[R]YT\[RdWT
iYd\dWrRbeS:xfPYTW[.XZPRT
XLxfiIbeTWjcTWbeTW[Rd\TWS:^Wd\dWTWS�S:XZPRTpSa^\nFTp^W]`]YbeTWS�SfkLiYdW^\XZQLiY[Gt,�eXGxviYrYkZ]._YTpzRTWbeqmd\iYSaXLkLqmXZi.beTWdWi`bc].^WkLk{XZPYT
^\]Y]`bcT\SaSaT\SU^\dWdWT\SaS�TW]m_Yq
T\^WdWP�beTWjcTWbeTW[Rd\TWSs^\[R]md\iYnpgY^WbeToXLPRTo^\]Y]YbeTWS�SaT\S

pair-wise
t}��TorRS�ToXZPYToSaPR^\]Yi`x�XLimSag`TWTW]0rRgmXLPRTodWi`nFg`^WbeQZS�iY[ ¤beTWjcTWbeTW[Rd\TWS:^Wd\dWT\SaSaQL[Rl.XZPRT
S�^WnpTpS�PR^W]`iYx©T\[RXZbeq0PY^WzRT
^

dependence
bcT\kZ^\XZQLiY[GtRO*PRTpkL^WXLTWS�X�kZi`^W]I^W[Y].S�XZi`bcT
beTWjcTWbeTW[Rd\TWS:XZi.XLPRQZSv^W]`]YbeTWS�S

^\bcTvSaXLiYbeTW]pQL[hXLPRTfS�PR^W]`iYx�TW[RXLbeq4t�O(PYTWbeTWj�i`bcT\�Y]`TWgYT\[R]YT\[RdWTvTW]`lRTWS>dW^\[h_`Tfu`rRQZd\�RkLqo]YT\XZTWd\XZT\]Gt
A
]YTWXLTWd\XZT\]
TW]YlYTvnp^WqF_YT:_YT\XZxvTWT\[FXLxfi
beTWjcTWbeTW[Rd\TWSªQZ[p]YQLj�jcTWbeTW[RX�g`bci`dWT\]YrRbeTWS�t�O*ipnp^W�RT:XLPRT:gYbeiYjcQZkLQZ[YlhbeTWSarYkZX

s
rYSa^W_`kZTvXLiFd\iYnpgYQLkZT\bcS��YxvT

XLbeqCXZi�kLiYdW^\XZT�XLPRT$d\iYnpnFi`[¯gYbeiYd\TW]`rRbcT�QL[¯xvPRQZd\P¯XLPRT�XZxvi�beTWjcTWbeTW[Rd\TWS�bcT\SaQL]YT�^\dWdWi`bc]`QZ[YlCXZi�XZPYTWQLbFd\^WkLkZQL[RlCd\iY[RXLTWVRX�t{O*PRT�beTWS�rRkZX
ing]`TWg`TW[R]`TW[Rd\T�TW]YlYT

s
nF^\q$_`T�_YT\XZxvTWT\[�beTWjcTWbeTW[Rd\TWS�^\[R] j�rR[YdWXLQZi`[�d\^WkLkZS�t�O(PRrRS��ªiYrRbo]`^WXL^.]`TWg`TW[R]`TW[Rd\T.g`bci`j�QLkZQL[Rl�QZS
^\_YkLT.XLi�lRTW[YTWbe^WXLT

d\iYnpgYkLTWXLTf]`TWg`TW[R]`TW[RdWTvlRbe^Wg`Phj�i`b{dWiY]`TfxvQLXZPFj�rR[Rd\XZQLiY[FdW^\kZkLS}t
O*PRTJgYbeiYjcQZkLQL[Rl
XZi`iYk�^WkLSai�XL^W�YT

s
kLiYiYg`SªQZ[RXLi
^Wd\dWiYrY[RX tWO(PYTvQLXLTWbe^WXLQZi`[FzRT\dWXLiYb�i`jGXLPRT:kLiYi

p-
[RT\SaX�QLS>^\kZS�i
bcT\dWiYbe]YT\]
QZ[pXZPYTvS�PR^W]`iYx�t���PRT\[F^\[

T\]YlRT�QLS�]YT\XZT\dWXLTW]`�>XLPRT�]YT\gYT\[R]YT\[RdWT�]`QZS�XZ^\[RdWT�zRT\dWXLiYbod\^W[�_YT�d\^WkLdWrRkL^WXLTW] i`rRX�_Yq$SarR_`XZbe^Wd\XZQL[Rl�XZPRTIQLXZT\bc^\XZQLiY[�zRT\dWXLiYbJiYj:XLPRTIgYbeTWzRQLiYrYS
beTWjcTWbeTW[Rd\Tfjcbci`n XZPRTvdWrRbebeTW[RXyQLXZT\bc^\XZQLiY[FzRTWd\XZi`b@t
�e[

DD
gYbeiYj�QLkLQZ[RlY�YXLPRTfjciYkLkZi`xfQL[RlhQL[RS�XZberRnpTW[RXL^WXLQZi`[hQLS*]`iY[RT

:
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• 
��i`iYgYS�tGO(PRT�T\[RXLbcq�^W[Y] TWVRQLXsiYjJkLiYi`g

s
�>^\[R] XLPRT�_YT\lRQZ[Y[RQZ[Yl�i`jJQZXLTWbe^WXLQLiY[

s
^WbeT�QL[RSaXLbcrYnFT\[RXZT\] Sai ^\S�XZi np^WQL[RXL^WQL[�XLPRT�kLiYi`g

QLXZT\bc^\XZQLiY[FzRTWd\XZi`b@t
• 
£�rY[RdWXLQZi`[�dW^\kZkLS}t��([RXZbeq�QL[RXZi$^W[R]$TWVRQLX(jcbci`n jcrR[RdWXLQLiY[�dW^\kZkLSo^\bcTmQL[RS�XZberRnpTW[RXLTW]GtwO*PRTmd\^WkLkZQL[Rl�dWi`[RXLTWVRX*QZSonp^WQL[RXL^WQL[RTW]�Sai�XLPR^WX
]`TWgYT\[R]YT\[RdWTviYjGj�rR[YdWXLQZi`[hdW^\kZkLS>dW^W[F_YTv]YT\XZT\bcnpQZ[YTW]Gt

• 
��TWnpiYbeqobeTWj�T\bcT\[RdWT\S}t�O(PRTv^W]`]YbeTWSaS>zR^\kZrRTviYjGnpTWnpiYbeqobcT\j�T\bcT\[RdWT\S*^\bcTvrRSaT\]FXLiF]`TWXLTWd\Xw]`^WXL^f]`TWg`TW[R]`TW[Rd\Twt

� [®QLnFg`iYbeXZ^\[RXp^WSag`TWdWXpiYj�¦J¦ gYbeiYjcQZkLQZ[Yl®QZS$XZPY^WXpxfT�dW^W[�[RiYx	^WXLXZbeQZ_`rRXLTCgYbeiY_Y^\_YQLkZQLXLq�zY^WkLrRTWS�XLi®XLPRTC]`TWgYT\[R]YT\[RdWT¯TW]YlYTWS}t O(PYT
g`bci`_Y^W_`QZkLQLXZqIiYjU^m]YTWg`TW[R]`TW[Rd\TmTW]`lRTm_`TWXLxfT\TW[�XLxfi�beTWjcTWbeTW[Rd\TWSoQLSo^mnpTW^\SarRbeTmi`jªPYiYx�i`j�XLTW[IXZPYT�]YTWg`TW[R]`TW[Rd\T�^Wd\XZrR^\kZkLq.TWVRQLSaXLSJ]YrRbeQL[Rl
g`bci`lRbc^\n bcrR[YXZQLnFT

.

3. ��� OF¶y¹\¼c·­¶wÃ�Â�¾wÆJ¹w¶y½�ÁsÆeÂ s��T�rRSaT�«JÇ��²�Gt ��XLi�_`rRQLkZ]�iYrRb.QZ[YSaXLbcrRnpTW[YXZ^\XZQLiY[®^\[R]�jcTWT\]Y_Y^\dW�®XLiYi`k t���gYT\d¯���4¨J���������c[YXZT\lRTWb._YT\[RdWPRnp^Wbe�RS$^WbeT¯rRS�TW]®QL[¢XZPYT
T\VRgYT\bcQLnpTW[RXLS}t�O(PRTvTWVRg`TWbeQZnpTW[RXLS>^WbeTfberR[hi`[h^	�Y�`�Y��
J|f�eXL^W[RQLrRnp�FxviYbe�RSaXL^WXLQLiY[hxvQZXLPh�pÍ®npTWnpiYbeq4t
£4QZbeSaXL�yxfTJXLbcqpXLi�SaPRiYx�XZPRTJT\j�jcQZd\QZT\[RdWqpiYj�XLPRTJnpTWnpiYbeqF]`QZS�^Wnp_YQLlRrR^WXLQLiY[
gYbeiYjcQZkLQZ[YlFQL[ £�QLlRrRbeT

2
£�QLlRrRbeT

2
tW�c[pXLPRQZSªg`^WbeXZQLdWrRkL^Wb�T\VRgYT\bcQLnpTW[RXL�

t
PRT�QZ[YSaXLbcrRnpTW[YXZ^\XZQLiY[¯QLS.]YiY[YT$^\j�XLTWb
��«J�4O(�fxfPYTWbeT

m̂
W[Rq¯iYgYXLQLnFQL|W^\XZQLiY[RS��US�rRdWP¯^\S0g`^WbeXZQL^WkvbcT\]YrR[Y]Y^W[YdWq TWkLQLnFQL[R^WXLQLiY[C^\[R]¯beTWlRQLSaXLTWb

^\kZkLiYd\^WXLQZi`[R��PR^\zRTm_YT\TW[�]Yi`[RT�XLi�bcT\]YrRd\T�XZPRT�[YrRnF_`TWbsi`j�nFT\nFi`bcq.beTWj�T\bcT\[RdWT\S}t`O(PRT
DD
gYbeiYjcQZkLQL[RlIQZSJjciYbsQL[R[RT\bcnpiYS�X~kZi`iYg`SJPRTWbeTwt`O(PYT

T\nFg`QZbeQLdW^WkybeTWS�rRkZXLS>SaPRiYx�XLPR^WXy^\kZQL^WS>gYbeiYjcQZkLQZ[YlhQLS*nprRdWPFj�^\SaXLTWb{XZPY^W[
DD
gYbeiYj�QLkLQZ[RlGt
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^W[Y^WkLq,SaQLS
beTWS�rRkLX t���PRT\[

ORC’s
^WkLQZ^\SU^W[Y^WkLq,SaQLSUSa^\q,SU^FgY^WQLb>iYj(beTWjcTWbeTW[Rd\TWSfQZSfgYiYS�SaQL_YkLq�^WkLQZ^\SaTW]`��^WkLQZ^\SsgYbeiYjcQZkLQL[Rl�nF^\q
Sa^Wq
[Ri

t
t £�QLlRrRbeT

3
£�QZlYrRbcT

3S�PRiYxvSoXLPRTmg`TWbedWTW[YXZ^WlYTmiYj�g`iYSaS�QZ_`kZq.^WkLQL^WSaT\]�gY^\QZbeSJ]YT\XZT\dWXLTW]�_Yq.gYbeiYjcQZkLQL[RlIXZi�_`T�[RiYX~^\kZQL^WS�TW]�^WX(TWVRT\dWrRXLQZi`[IXZQLnFTyt`�c[IXLPRQZSJT\VRgYT\bcQLnpTW[RXL�
]`QZjcj�T\bcT\[RX~[R^\nFQL[RlISadWPYTWnpTWSJ^WbeT�^WkLSai�XLbeQZT\]Gt`Í�����npTW^\[RSJXZPY^WX~^\kZk~PYTW^Wg�npTWnpiYbeq.iY_���TWd\XZSJ^\bcT�lYQZzRT\[IiY[RT�[R^\nFTyt`Í��4PInFT\^W[RSJXLPR^\X~XZPYT
PYTW^Wg�npTWnpiYbeq�i`_���TWdWXLS
^WbeTI^WSaS�QZlY[RTW]�[R^WnpTWSp^Wd\dWi`bc]`QZ[Rl$XZi�XLPRT�d\^WkLkZQL[Rl$dWiY[YXZT\VRX t�O(PRT.SarRjcj�QLV�jvnFT\^W[RSpXLPR^WXªj�QLT

lds
iYjvSaXLberRdWXLrRbeTWSp^WbeT

considered.
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�e[.iYbe]YTWb�XLiIbcT\]YrRd\TpXLPRT
TWVYTWdWrYXZQLiY[.XZQLnpTpi`j
DD
gYbeiYj�QLkLQZ[RlY�4xvTF^\gYgYkLQLTW].Sa^WnpgYkLQL[Rl0XLTWdWPY[RQZu`rRTWS�t,��QL[Rd\TFXLPRTplRiY^\kGi`j

D
¦ÈgYbeiYj�QLkLQZ[Rl�QZSvXLi

d\PRTWd\��XZPYTodWi`bcbeTWkL^WXLQZi`[�^WnpiY[Rl�beTWjcTWbeTW[Rd\TWSa��xvTonp^Wq
kLiYSaThSaiYnpToQL[Rj�i`bcnp^WXLQLiY[�xvPRTW[�xvToSa^\nFg`kZT
the
beTWjcTWbeTW[Rd\TWS�t}O(PRToS�^WnpgYkLQZ[Yl�dW^W[
_`T

]`iY[RTviY[FXZPYTfbeTWjcTWbeTW[RdWT\S*QL[R]`QZzRQL]YrY^WkLkZqoi`b{QZ[F^fS�nF^\kZkylRbeiYrRgp^WXyd\TWbeXZ^\QZ[FSa^WnpgYkLTvbc^\XZTyt
� [Ri`XZPYTWbsXLTWd\PR[RQLuYrRT�xvT

use
XLi�bcT\]YrRd\T
gYbeiYj�QLkLQZ[Rl.XLQZnpT
QZS:kLiYiYg

-
i`bcQLTW[RXLTW]IS�^WnpgYkLQZ[RlGtRO(PYTpS�^WnpgYkLQZ[Yl�QLS:_Y^WS�TW]IiY[.kLiYiYgIQL[RzRi`dW^WXLQLiY[

s
iYb

kLiYi`g0QLXZT\bc^\XZQLiY[YS}t
O*PRTh^Wd\dWrRbe^Wd\q�iYj*rRSaQL[RlmS�^WnpgYkLQZ[Rl
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SaPRi`xf[mQL[ £�QLlRrRbeT

4
£�QLlRrRbeT

4
t­O*PRThd\PR^W[YlRT

s
QZ[mXLPRTog`bci`_Y^\_YQLkZQLXZq
zR^\kZrYTWSsi`j~XZPYT

T\]YlRT\Sa�>^WS
^IbcT\SarRkLX�iYj:Sa^\nFg`kZQL[RlR�>^WbeTIdW^\kZd\rRkZ^\XZT\]Gt�O*PRTWS�T.zY^WkLrRTWS
^WbeTIgYkLiYXLXZT\]�iY[$XLPRT.V
-̂
\VRQLS}t O(PRT

y-axis shows
XLPRT.dWrRnprRkL^WXLQZzYT

g`TWbedWT\[RXZ^\lRTJiYj�T\]YlRT\S}t � gYi`QZ[RX4¥%$J��&J§
indicates

XZPY^WX�&�'³iYj�XLPRTJTW]`lRTWS�PR^\zRTJ^JdWPY^W[RlRTJQL[
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T\VR^WnpgYkLTW�{T\zRTW[IxvPRTW[IiY[RkLq.^�Sanp^WkLk~j�be^Wd\XZQLiY[IiYj�XLPRT�kLiYi`g�QZXLTWbe^WXLQZi`[RSJ^WbeT
Sa^\nFg`kZT\]Y��d\kZi`SaT
XLi � ��' i`jªXZPRT
T\]YlRT\SvPY^WzRT
^�� ��' iYb�kLTWS�S
d\PR^W[YlRT�QZ[�XZPYTWQLb�gYbci`_Y^\_YQLkZQLXZq4t

.
��T�^WkLSai�rRSaT�XLPRT�gYbeTW]`QZd\^WXLT�beTWlYQZS�XZT\bcSIQL[��eXZ^\[RQZrYn XLi�]Yi�XZPRT�Sa^\nFg`kZQL[Rl�uYrRQLdW�RkLq4tÈ¨JSaQL[Rl¯T\QZXLPRTWb

sampling
�

DD
gYbeiYj�QLkZQL[Rl¢XLQZnpTCd\^W[¢_YT¯QZnpgYbeiYzRT\]®XLi®^

7
V

slowdown
xfQLXLPRiYrRXFkZi`SaQL[Rl¢nFrYdWP¢gYbeTWd\QZS�QZi`[�t O(PRQLS�QZS�^ S�QZlY[RQZjcQZd\^W[RX

QLnpgYbeiYzRT\nFT\[RXyiYzRT\bGXLPRTv���YVFSakLiYxv]Yi`xf[FQZ[F£�QZlYrRbcTv�Gt

£4bc^\dWXLQZi`[hiYjGbcT\j�T\bcT\[RdWT\S*S�^WnpgYkLTW]����{t ����� £�be^WdWXLQLiY[hi`j�kLiYi`gFQLXLTWbc^\XZQLiY[YS�PLQZ[RzYiYdW^\XZQLiY[YS*S�^WnpgYkLTW]��
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4. Applications
4.1 Q�¾wÂ�¾ ½�OF¶ S\ÁsÆ�¾wÂ�¼���¶FÄ��M�O*PRTWbeTJ^WbeTJnpiYbeTJiYgYg`iYbeXZrR[YQZXLQZT\S�j�i`b~gY^\bcXLQZ^\k�beTW]YrY[R]Y^\[RdWqFTWkLQZnpQZ[Y^WXLQZi`[FQLj{XZPRT:]`^WXL^vS�gYTWd\rRkL^WXLQZi`[FQLSªQZ[RXLbeiY]YrYdWTW]{t	�UqhQLlR[RiYbeQL[RlFS�iYnpT:iYj{XZPYT
g`iYS�SaQL_YkLqF^\kZQL^WS�TW]�xvbcQLXZT\�wnpiYbeTJTWVYgYbeTWSaS�QZi`[RS�dW^\[
_YTJj�i`rR[R]�XLi�_YTJbeTW]`rR[R]Y^\[RX�t�O*ipT\[RSarRbeT:dWi`bcbeTWd\XZ[RT\SaSª^WX�berR[RXLQLnFT\�`xvT:rRSaT:XLPRT � � � O�XLi
d\PRTWd\� XZPYT�Sag`TWdWrYkZ^WXLQLiY[ ^W[Y]CbcT\dWi`zRTWbFQZjoXLPRT�S�gYT\dWrRkL^WXLQZi`[ j�^\QZkLS}t £�QLlRrRbeT

5
£�QZlYrRbcT

5
SaPRi`xfSmXLPRT�g`TWbej�i`bcnp^W[Rd\T�QLnFg`bci`zRTWnpTW[RXfiYjJ]`^WXL^
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